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Abstract A usual aperiodic hybrid alignment can appear in a
nematic layer with weak anchoring only if the cell thickness is
greater than a critical value d_, below which a static periodic
pattern instead of the hybrid aperiodic structure could be
preferred, if the energy cost for a three dimensional
deformation, involving twist, is less than the cost for the
two-dimensional deformation of splay-bend type. We have studied
the occurrence of the mechanical instability leading to the
static periodic splay-stripes, i. e. in the case of the tilt
anchoring stronger at the one of the walls, in which the
anchoring is planar, for several values of the twist anchoring
strengths. Here the behavior of the threshold d_ for the periodic
stripes is presented and discussed as a Pfunction of the
anchoring energies and of the ratio of nematic bulk elastic
constants, in the frame of the usual continuum theory.

INTRODUCTION

In the last decade, several authors dealt with hybrid aligned nematic
(HAN) cells, i. e. nematic layers possessing homeotropic anchoring at
the one of the walls and unidirectional planar at the other (see fig.
1). It was shown that a HAN cell can be very interesting both for a
basic and for an applied point of view. In fact, a HAN structure can
be useful for measuring the splay-bend elastic ratio K”/K33 by means

1 2

of  dielectric and optical methods”, or for studying

3, total internal ref]ectivity4, and nonlinear optical

flexoelectricity
reorientationS, also in the presence of weak anchoringG. It must be
pointed out, that a HAN cell with finite anchoring energy is stable

only if the cell thickness d is bigger than a threshold value dh’

265
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FIGURE 1. Aperiodic hybrid aligned nematic (HAN) cell with
thickness d and weak anchoring at both walls. H and P are the
easy directions at the lower and upper substrates, respectively.
The tilt anchoring strength at the H-wall (weo) is less than the
one at the P-wall (w91).

which depends on the tilt anchoring energy at both wa11s7. The

recognizing of any threshold becomes essential indeed for ail possible
applications of HAN to electro-optical devices® .

On the other hand, after Lonberg and Meyer9 discovered the
occurrence of periodic pattern in a wunidirectional planar 1liquid
crystal layer strongly anchored, due to a magnetic field with
intensity smaller than the usual aperiodic Fréedericksz threshold,
a considerable effort has been made by several authors in order

to study the periodic stripes as dependent on the anchoring energy]0
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N 12

in various geometries ~.
13

with different external fields

Recently, Lavrentovich and Pergamenshchik
reported for the first time the experimental evidence of the periodic
pattern in HAN Tlayers weakly anchored with conveniently small
thickness in the absence of external fields. In the ref. /13/ the
authors considered theoretically just the ideal situation in which the

and Chuvyr‘ov]4

twist anchoring at both surfaces was degenerated, involving no energy
cost at all, whereas the tilt anchoring energy was finite; then they
found by means of numerical calculation the condition for the
appearing of the periodic pattern.

In the present work we are dealing with a HAN cell with weak tilt and
twist anchoring at both walls without degeneration, where the planar
alignment appears to be the preferred one at smaller layer thickness
than the threshold value dp. The occurrence of splay-stripes is
considered, when the layer thickness is in the interval dp<(i<dh. Qur
goal is to show the dependence of dp on the splay-twist elastic ratio
and on the anchoring conditions.

THEORY

With the aim of studying the splay-periodic pattern which could arise
in a HAN cell at certain thickness d, let us consider a nematic layer
limited by two surfaces, z = 0 and z = d, z being normal to the walls
themselves.

The easy axes are homeotropic (H) at z = 0 and unidirectional
planar {P) at z = d; the surface treatment provides weak anchoring
both for tilt (@) and for twist (@) (see fig. 2). The out-plane angle
8 and the in-plane angle @ are assumed to be zero if the director n is
parallel to the x-axis. As usual, we are looking for the transverse
periodicity (along the y-axis): hence 8 = 8(y,z) and ¢ = @ (y,z). At
the walls, 8(y,0) = 8,(y), @(y,0) = ¢ (y) and 8(y,d) = 8,(y),
@(y,d) = q>](y). Since we are interested in splay-stripes, thus the
tilt anchoring strength]5 at the upper wall (we]) is bigger than the
one at the lower wall (weo). No restrictions are requested for the

twist anchoring strengths wpo and wqﬂ.
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FIGURE 2. Periodic hybrid aligned nematic (PHAN) cell of
thickness d with weak anchoring for tilt (8) and for twist (¢ )
at both walls.

This means that if the usual hybrid alignment is not allowed7,

the cell thickness d being smaller than a convenient threshold
thickness dh, then in the absence of periodic stripes the layer
alignment is transformed into a uniform unidirectional planar one. On
the contrary, if there exist a threshold thickness d_ for periodic
stripes, and if dp< d <d, , thus a periodic hybrid alignment (PHAN)
takes place, which for d close to dp involves essentially splay and
twist.
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In order to find the threshold thickness dp, tet us consider the
reduced free energy G = 2 F/ K22 dx of the cell portion having
arbitrary length dx along the x-axis, and length A along the y-axis,
corresponding to the periodic pattern wavelength. F is the free energy
of the same cell portion, and K22 is the nematic twist elastic
constant. G reads

A d

Gu=fdy»/~gbdz+6S (1)

0 0

where 9 is the bulk kernel and GS is the surface contribution.
By linearizing close to the threshold thickness dp we have, in

the frame of the usual continuum e]asticity]6:

g = % (P, 8,07 (B - §)° (2)
where x . = K”/K22 is the elastic ratio between the splay- (K]]) and

the twist elastic constant, and the dot means the derivative with
respect to y or to z respectively, as defined by the relevant

subscript.

For the sake of simplicity, let us suppose that the surface-like
saddle-splay elastic constant is given by K24 = - K22: hence the
surface contribution, just due to the anchoring, writes

A 1 2 1
- - 2
Gs=f[L?0 @, - %Ly, 8,
0
-1 2 -1 2
fley gy Ly o ] ay (3)
here Lij -i= @,8; jJ = 0,1 - are de Gennes-Kléman extrapolation
1engths]7, given by
Loy = Koo/ Mg
(4)
Lo = K11/Mg;

According to the usual procedures, the Euler-Lagrange equations
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\read]O

eyy+x]ezz+(x]-1)

=0
(5)
%1 g)yy+gozz+(x]-1)6yz=0

which, if x1j>1 as in the present case, are coupled homogeneous second
order equations, with the boundary conditions:

.
1
—

9yoJquJo Po~ Ppo =0
s -] i
Pyo *lgg 85 T8z "0
(6)
. _‘l . _
81 tgr Py T Py =0
. ..'l . ~
P1 *ler 8y 8,y =0

which are explicity independent of ®qe
The solutions of system (5) have to be searched in the complex
range

8= 0 exp [1‘ (az+By)]
(7)
= ¢ wp[i(az+8ﬁ]

B being the real wave number of the in-plane twist periodic pattern,
and a being the possible splay-wave number along z.

By substituting (7) in (5), the characteristic equation is
obtained as:
+ 82)2

(a =0 (8)

which has four solutions, given by



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:34 19 February 2013

Tst line: a = 13 ay, =

2nd Tine: a5 = 0;

3rd line: a3,
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Thus system (7) reads:

8 = (C] ch Bz + C, z ch Bz + C; sh Bz + Cy 2 sh Bz) cos By

2
(9)

@ = (C'] ch 8z + C'2 z ch Bz + C'3 sh Bz + C'4 z sh Bz) sin By

with only four independent integration constants:

1 2 3
Cp=-0y
(10)
C3=AC, -C
C4 == 2
where A = (x] + 1)/ (8 (x] - 1)] keeps the information relevant to

the bulk elasticity.

By substituting the solutions (9) with the constraint (10) into
the boundary conditions (6), we recognize that the 4 x 4 coefficient
determinant D, which must be zero in order to aveoid trivial case, has
the following elements:

355 = A; a5 = - 1; a5 = L60 (BA - 1)

ch Bd; a3, = [L?1 (BA + 1) + d] ch Bd;
= sh Bd; a3y = [L?1 (BA + 1) + d] sh Bd

=%}
w
w

|
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1]
i

4th line: AchBd+ [L

A sh 8d + [L

- sh Bd; 3
- ¢ch Bd; A,

(BA - 1) - d] sh Bd;
(BA - 1) - d] ch 8d

a4
3

81
81

il
1l

where the condition D = 0 has to be interpreted as an implicit
function d (B): the minimum of this function gives both the threshold
thickness dp for PHAN splay-stripes and the wave number Bp at this
thickness.

DISCUSSION

The aperiodic HAN threshold thickness obtained by Barberc and Barberi’
was

80 " LG] (1)

we point out that just if dp = dh the alignment in a layer with d < dh
is unidirectional planar.
Let us now treat some particular cases.

No torsional anchoring

In ref. /13/ the authors dealt with theoretical considerations
concerning a special HAN cell, having no anchoring for twist at both
walls: the problem was solved without 1linearizing, but just
numerically, by imposing directly the minimum condition to the second
variation of the free energy.

Here we found simply that if l‘wo ! = l.¢1 ! = 0, thus the
critical condition D = 0 reads sh Bd = 0, i.e. d = 0 with B8
indeterminate. Physically, it means that if the torsional anchoring at
both walls is very weak, the PHAN is expected to arise for d_ = 0,
with exceptionally small critical wavelength of the order of the

‘molecular interaction: for every d < dh the undeformed pianar state is

unstable, no matter how are the values of the tilt anchoring energies
at both walls. We conclude that the experimental disappearance of the
stripe domains observed at very small thicknesses of PHAN cells by
Lavrentovich et alt. 13 14

and by Chuvyrov implies that the actual

finite anchoring for twist cannot be theoretically disregarded.
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Strong twist anchoring

Now the opposite situation has to be considered: strong twist
anchoring at both walls. In such a case, L 9o ~ L p1 = 0; as a
consequence, we always found a region in which PHAN is stable,
provided the elasti’c ratio r = 1/%1 is sufficiently small. The
critical value is re © 0.32, close to the one reported for the
periodic stripes occurring in the planar geometry, due to magnetic
field "; in fig. 3, it is shown the behavior of both dp and Bp vs. r

for Le] =0, Lg, = 2um. Note that in this case dh = Lgo-

d. =2um
h
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FIGURE 3. Threshold values d_ and d, vs. r KZZ/K 1 for twist
strong anchoring, with L 1= .0s arbd L 1 ,ur*. The PHAN
configuration s stab]ee for d <uB%dh. The broken line
represents the behavior of the wave rlmber '8 at the threshold
thickness dp' P
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Weak twist anchoring only at the P-wall

By relaxing the twist surface energy at the one of the walls, two
different situations arise. lLet us consider first, only the twist
anchoring at the P-wall to be weak.

The condition L¢0 = 0, by fixing the tilt plane at the side where the
favored alignment is homeotropic, enables the PHAN to appear just for
small values of r, even though the decrease of the twist anchoring
strength at the P-wall yields a small enhancement of the critical
value: if L gy goes from 0 to 5 um, thus ro goes from ~0.32 to ~0.42,
provided the tilt anchoring at the P-wall is also strong “‘61 = 0) -
see fig. 4; whereas the weakening of the tiit anchoring at the

2.0 | A S N N SO N Y AN A AN | ‘ !1I.dh(|—e°=2u.m)

d(um)[

0.0 0.1 0.2 0.3 0.4 0.5

FIGURE 4. Threshold values d_ and d, vs. r if the twist
anchoring at the H-wall is str‘(?ng, for L 1= 0 and for two
different values Lgg = 1> 2um. In both case?, L, ranges from 0
to 5um. ¥
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P-wall hinders in a certain sense the formation of PHAN, by
diminishing the bulk splay energy for the same elastic ratio r, whose
critical value is ranging from~0.15 to~0.20 and from ~0.20 to~ 0.26
g = 1um and either Lgo = 2 um or L90 = 3 um, respectively -
see fig. 5.

when L

TT T T 1T 711 'l""l""dh('-eé?’“m)

Lp1/pm

- dh (Leo=2pm)

0.0 NN NN NN RN RN
0.0 0.1 0.2 r 0.3 0.4 0.5

FIGURE 5. Threshold values d_ and d, vs. r for strong twist
anchoring at the H-wall and L ]p= 1um ‘with two different values
Lgo = 2> 3um. In both cases E‘P] ranges from 0 to 5 pum.

Weak twist anchoring only at the H-wall

The most interesting result is relevant to the case L¢o # 0. Figs. 6,
7 show the . behavior of dp as a function of r when L¢0 = 0.1, 0.2, 0.3
wm, i.e. when the anchoring strength for the twist at the H-wall is
high again, even if the ancharing could not be considered strong.
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FIGURE 6. Threshold values d_ and dh vs. r for strong twist
anchoring at the P-wall with By, = 0,"Lg = 1 wm while L o is
ranging from 0.1 to 0.3 um. b4

In fig. 6 the case of Leo = lpm, Lgy = 0 is reported, while in fig. 7
one has Lo = 2um, Lgy = 1 mm. There it has demonstrated that dp is
strongly dependent on L(po; as the twist anchoring energy decreases at
the H-wall, d_ deeply diminishes as well, and such an effect is much

more greater if L81 = 0, the splay energy cost becoming higher.
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FIGURE 7. Threshold values d_ and d_ vs. r if the twist
anchoring at the P-wall is strong) while =~ the tilt anchoring 1is
weak at both walls (L90 =2umand Lo, =1 wm). L o is ranging

from 0.1 to 0.3 um.

General case

When all the anchoring on both surfaces is weak, the effect of the
twist surface energy at the H-wall is expected to play the major role,
particularly if the tilt anchoring involves high bulk energy cost for
splay. In fact, in fig. 8 the effect of different twist anchoring
strengths on the PHAN threshold thickness dp is reported, for a given
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weak tilt anchoring (Leo = 2 um, Le] = 1 um). By simple inspection we
may see that a small increasing of L o greatly enhances the PHAN
region in the plane [r, d], whereas a big increasing of LQJ'I has a
very small consequence (less than 2 order of magnitude).

Lp/um

0.1 ,2
1.0 I R S A B B B ollll]lllldh

0.8 [ Lo /um=1/51/5 ]
d(um) |
0.6 L

0.4 |

0.2 |

0.0 R I A AR AN A AN RE N I B AR N |
c.0 0.1 0.2 r 0.3 0.4 0.5

FIGURE 8.v Threshold value d_ and d_ vs. r in the general
case of weak anchoring both forPtwist arr'd for tilt (L o = 0.1,
0.2 pm; LS” =1, Sum; Lo = 2um Lgy = Tum) ¢

CONCLUSTONS

The occurence of a mechanical instability in a HAN layer weakly
anchored has been studied. The HAN instability leads to a splay-twist
periodic deformation (PHAN), due to the fact that a decreasing of the
cell thickness produces a higher splay energy cost, as a result of
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competitive boundary conditions: such a competition plays the role of
an external field.

We have found that the PHAN configuration always is present for d« dh
=Llgo = Lgye if the twist extrapolation length at the H-wall (L __) is
infinite. On the contrary, in a more physical situation, the presence
of PHAN deeply depends on both elastic ratio r = K22/K1] and on E?O =

K22/w ¢o : the occurence of splay stripes is essentially favored by

the diminishing of r and by the rise of L?o’
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